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Abstract. Approximate Agreement (AA) is a relaxation of consensus
that requires honest parties to output values that are close and within
the honest inputs’ range. Introduced as a relaxation of exact consensus,
AA has become a versatile primitive with applications from blockchain
oracles to cyber-physical systems. This paper provides a systematization
of knowledge (SoK) on byzantine-resilient AA in complete networks.
We mainly focus on the real-valued variant, and chart the feasibility
frontiers in synchronous, asynchronous, and network-agnostic models.
We compare protocols in terms of resilience, round complexity, and com-
munication efficiency, while also clarifying overlooked details and gaps.
Beyond standard requirements on the outputs, we discuss stronger con-
ditions, such as having the outputs close to the honest inputs’ median.
Moreover, we briefly situate the real-valued AA problem within the
broader landscape of AA, where other input domains such as higher-
dimensional spaces and graphs introduce further challenges.

1 Introduction

Distributed systems frequently face the challenge of producing a common output
from multiple inputs: whether maintaining synchronized clocks [59], aggregating
price feeds in blockchain oracles [8], aligning gradients in distributed machine
learning [23,39,40,69], or coordinating aviation control systems [60,68]. Such sys-
tems require a set of parties to reach reliable collective decisions. Yet, network
asynchrony, hardware failures, and byzantine (malicious) faults bring difficul-
ties. Byzantine Agreement (BA) [57] has long stood as the canonical solution
to this problem, ensuring that all honest parties agree on a value. However, BA
is often either impossible (e.g., under asynchrony with byzantine faults [44]) or
too strict for real-world tasks where slight deviations are tolerable: clocks only
need to be approximately synchronized, or sensor readings may tolerate bounded
imprecision. This motivates Approximate Agreement (AA), a relaxation of BA
introduced in [34] that requires outputs to be close, i.e., within a predefined
error ε > 0, while remaining inside the range of honest inputs even if t out of
the n parties involved are byzantine. Beyond its role as a relaxation of BA, AA
has been deployed (often implicitly) as a building block in practical distributed
systems. Oracle networks are a prominent example. These are designed to aggre-
gate data (e.g., prices) from multiple, potentially unreliable sources and output
a single value for consumption by smart contracts [8, 21,25].

⋆ The full version of the paper can be found in [50].
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This paper provides a systematization of knowledge (SoK) on byzantine-
resilient AA in complete networks. Our focus is primarily on the real-valued
variant, which has been the core setting of most of the literature and remains the
best understood. We chart the feasibility frontiers in synchronous, asynchronous,
and network-agnostic models, compare known protocols in terms of resilience,
round complexity, and communication cost, and highlight common techniques
and lower bounds. Table 1 summarizes the prior results we mainly focus on.
Along the way, we fix several gaps in the literature, clarifying subtle points where
existing results were incomplete or left implicit. Afterwards, we situate the real-
valued case within the broader landscape of AA, where other input domains such
as higher-dimensional spaces and graphs introduce further challenges. Finally,
we briefly describe AA from the practical lens of decentralized oracle networks.
By unifying established results, addressing overlooked details, and identifying
the gaps that remain, our goal is to provide both a reference for the theory of
AA and a foundation for future work on AA-based distributed protocols.

Table 1: Summary of real-valued AA protocols in prior works. In the model column,
S refers to synchronous, A to asynchronous, and NA to network-agnostic. In the round
and message complexities, D denotes the honest inputs’ range size, M the honest inputs’
magnitude (largest honest input in absolute value), and ε the agreement parameter.

Model Resilience Rounds Messages Ref.

S

t < n/3† O(log(D/ε))§ O
(
n2 · log(D/ε)

)
[34]

t < n/4 O
(

log(D/ε)
log log(D/ε)

)
‡§ O

(
n

log(D/ε)
log log(D/ε)

)
[42]

t < n/3† O
(

log(D/ε)
log log(D/ε)

)
‡ O

(
n3 · log(D/ε)

log log(D/ε)

)
[13]

S⋆ t < n/2† O(log(D/ε))§ O
(
n4 · log(D/ε)

)
[51, 59]

t =
(
1−c
2

)
· n

(where c is a constant)
O
(

log(D/ε)
log log(D/ε)

)
‡ O

(
n4 · log(D/ε)

log log(D/ε)

)
[49]

A

t < n/5 O(log(D/ε))‡§ O
(
n2 · log(D/ε)

)
[34]

t < n/3† O(log(D/ε)) O
(
n4 + n3 · log(D/ε)

)
[1]

t < n/3† O(log(M/ε)) O(n2 · log(M/ε)) [65]

NA⋆ n > 2 · ts + ta
† O(log(D/ε))§ O

(
n4 · log(D/ε)

)
[51]

⋆ Assuming a public-key infrastructure and digital signatures
† Optimal resilience
‡ Asymptotically optimal round complexity according to [41,42]
§ Protocol terminates within the stated round complexity assuming knowledge of D.

2 Preliminaries

Model. We consider a setting of n parties P1, P2, . . . , Pn that are running a pro-
tocol in a fully-connected network, where links model authenticated channels.
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Throughout the paper, we will make different assumptions about the network.
Section 3 assumes a synchronous network: the parties’ clocks are synchronized
and every message is delivered within a publicly known amount of time ∆.
Section 4 considers an asynchronous network: the only assumption is that mes-
sages get delivered eventually. Finally, Section 5 discusses results in the network-
agnostic model: this is a bridge between the synchronous model and the asyn-
chronous one, assuming that the network may be synchronous, or asynchronous,
and the parties are not aware of what kind of network they are in.

Adversary. The protocols we discuss are secure against an adaptive adversary,
which may corrupt at any point of the protocol’s execution up to t of the n par-
ties involved. Corrupted parties become byzantine: they may deviate arbitrarily
(maliciously) from the protocol. In the network-agnostic model, we distinguish
between the number of parties ts that the adversary may corrupt when the net-
work is synchronous, and the number of parties ta ≤ ts that the adversary may
corrupt when the network is asynchronous.

While the protocols discussed assume an adaptive adversary, the impossibility
results we include hold even against a static adversary, which has to choose which
parties to corrupt at the beginning of the protocol’s execution. Note that this is
a weaker adversarial model, leading to stronger impossibility results.

Cryptographic assumptions. Some of the protocols we discuss rely on a public
key infrastructure and a secure digital signature scheme. Such settings are called
authenticated, while settings without cryptographic assumptions are called unau-
thenticated. For simplicity of presentation, we assume that signatures are un-
forgeable. When replaced with real-world instantiations, the results presented in
authenticated settings still hold, except for negligible probability (in the scheme’s
security parameter) against computationally-bounded adversaries.

Approximate Agreement definition. We first recall the definition of BA [57].

Definition 1. Let Π be an n-party protocol in which every party holds a value as
input. We say that Π achieves BA if the following hold, even when up to t of
the n parties involved are corrupted: (Termination) Every honest party produces
an output; (Validity) If all honest parties hold the same input v, no honest party
outputs v′ ̸= v. (Agreement) If two honest parties output v and v′, then v = v′.

We include the definition of AA [34]. AA relaxes the Agreement property by
allowing a predefined error in the honest parties’ outputs. The Validity condition,
however, becomes stronger: the honest outputs must be in the honest inputs’
range (between the lowest and the highest honest inputs). Note that this implies
BA’s Validity condition. We add that a variant of BA that requires the stronger
Validity condition of AA also exists, under the name of Convex Agreement
(CA) [30, 53, 71]. AA is also closely related to the notion of Proxcensus [45, 49],
which is a degraded version of BA with a weaker agreement condition, but with
the same validity as BA. Proxcensus can be seen as accompanying the output
value with a grade value to express the degree of agreement achieved, generalizing
notions such as crusader agreement and graded consensus [43].
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Definition 2. Let Π(ε) be an n-party protocol in which every party holds a value
in R as input. We say that Π(ε) achieves AA if the following hold for any
predefined ε > 0, even when up to t of the n parties involved are corrupted:
(Termination) Every honest party produces an output in R; (Validity) Honest
parties’ outputs lie within the range of the honest inputs; (ε-Agreement) If two
honest parties output v and v′, then

∣∣v − v′
∣∣ ≤ ε.

Additional notations. In the remainder of the paper, we use the term valid value
to refer to a value within the range of the honest inputs. We also add that we
use ⌊·⌋ and ⌈·⌉ to denote the floor and ceiling functions, respectively.

3 AA in the Synchronous Model

In this section, we focus on AA in the synchronous model. We start with char-
acterizing synchronous AA from a resilience perspective. Afterwards, we delve
into efficiency metrics: round complexity and communication complexity.

3.1 Feasibility

We begin by showing that, similarly to BA, AA requires t < n/2. We rely on a
straightforward scenario argument.

Theorem 1. There is no protocol achieving AA when t ≥ n/2.

Proof (Sketch). If t ≥ n/2, we may split the parties into two sets of size at
most t each: S−ε with input −ε, and S+ε with input +ε. An honest party in
S−ε cannot distinguish between S+ε containing honest parties and S+ε being
fully byzantine, following the protocol correctly with input +ε. By Validity and
Termination, it must output −ε. A symmetric argument shows that an honest
party in S+ε must output +ε. Hence, in a setting where both S−ε and S+ε

contain honest parties, the honest outputs differ by 2 · ε, breaking ε-Agreement.

Note that the argument behind Theorem 1 does not rely on a complex adversarial
strategy: the result follows from the mere presence of byzantine parties and their
effect on the Validity condition. In contrast, unauthenticated settings enable
more complex adversarial strategies which lead to stronger requirements. The
result below, noted in [34], follows the proof of [57] on n > 3t being necessary
for BA in unauthenticated settings.

Theorem 2. There is no protocol achieving AA in an unauthenticated setting
when t ≥ n/3.

A simple protocol with t < n/3. The work of [34] presents an elegant proto-
col that matches the lower bound of Theorem 2, proceeding in iterations that
gradually bring the honest parties’ values closer. The parties join each iteration
it ≥ 1 with values vit−1, and obtain new values vit such that: (i) the values vit
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are within the range of honest values vit−1, (ii) the values vit are closer than the
honest values vit−1. Validity always holds and, after sufficiently many iterations,
ε-Agreement holds. This outline is followed by most AA protocols, even under
different network assumptions, and even in variants on other input spaces.

Each iteration consists of three steps. First, every party announces its value
vit−1 via a distributing mechanism. In the synchronous model with up to t < n/3
corruptions, simply sending vit to all parties suffices. Each party then receives
n− t values vit from honest parties, plus up to t values from byzantine parties.
The honest parties fill in the missing values with a default value, e.g., 0. Then,
out of the n values a party holds, up to t are outside the range of honest values
vit−1: after discarding the lowest t and the highest t of these values, all remaining
values lie within the range of honest values vit−1. Note that there are at least
n − 2t > t + 1 values remaining. Finally, each party computes its new value
vit as the average of the undiscarded values: this is also within the range of
honest values vit−1, which guarantees Validity. The honest parties’ multisets of
undiscarded values, in fact, pair-wise intersect: this implies that the new values

get closer. Precisely, they get closer by a factor of
(
⌈n−2t−1

t ⌉+ 1
)−1

: as n > 3t,
the honest values’ range gets halved. Consequently, if the honest inputs are D-

close, ε-Agreement is achieved within O
(
log⌈n−2t

t ⌉(D/ε)
)
iterations.

Detecting when ε-Agreement is reached. Given an upper bound D on the honest
inputs’ range size (which is ensured by common data types, e.g., float32), the
protocol described so far already achieves AA: we may use D to fix a sufficient
number of iterations. Alternatively, we may enable the parties to estimate when
ε-Agreement is reached. The protocol of [34] proposes a mechanism where each
party estimates a sufficient number of iterations through an exchange preceding
the first iteration: the parties announce their input value vin, and each party
may consider the multiset of values it has received, denoted by Vest, as an over-
estimation of the honest inputs’ range. Then, each party estimates a number of
sufficient iterations Iest := log⌈n−2t

t ⌉((maxVest −minVest)/ε): as Vest includes

the honest inputs, this is sufficient for the honest inputs as well. This way, the
parties may join the first iteration with value v0 := vin. As the honest parties may
obtain different estimations Iest, each party announces when its own estimation
Iest was reached. As one cannot distinguish between an honest party and a
byzantine party making such an announcement, the parties wait until they see
t+ 1 such messages – until that point, they keep executing iterations assuming
that parties that sent halting announcements maintained their values.

A caveat left open in [34] is that the runtime is, in fact, chosen by the adver-
sary: byzantine parties may choose which values to send in the initial exchange.
This issue was closed by the asynchronous AA protocol of [1], which proposes a
mechanism that provides each party with a valid value v0 (which may be differ-
ent from its input) and a multiset Vest such that (i) every honest party’s value
v0 is in [minVest,maxVest], and (ii) Vest is included in the honest inputs’ range.
Roughly, these properties are achieved through an initial exchange of values as
well. However, the mechanism involves an additional step where the parties re-
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port the values they have received. Then, each party defines a valid value v0 for
every party based on the values reported, and these values v0 compose the mul-
tisets Vest. Afterwards, similarly to [34], the parties estimate a sufficient number
of iterations based on their multisets Vest, and announce when they believe a
sufficient number of iterations was reached. This mechanism leads to the result
below.

Theorem 3 ( [34], [1]). There is a deterministic synchronous protocol achieving
AA even when up to t < n/3 of the n parties involved are byzantine. For ε > 0
denoting the agreement parameter and D an upper bound on the honest inputs’
range size, the protocol has round complexity O(log⌈n−2t

t ⌉(D/ε)) and message

complexity O(n4 + log⌈n−2t
t ⌉(D/ε) · n2).

A simple protocol in the authenticated setting, with t < n/2. We now consider
the authenticated setting, and we show that Theorem 1 is tight. We present a
simple protocol that follows from [51,59], which we denote by AAauth.

While AAauth follows the iteration-based outline of [34], increasing the re-
silience threshold from t < n/3 to t < n/2 introduces a few challenges. First,
filling in missing values may prevent convergence. However, not filling in missing
values disables the prior strategy for discarding outliers: discarding the lowest
t and the highest t values received may lead to no values remaining. Instead,
we may rely on the synchronous model’s properties: honest values are received
within a known amount of time: if a party receives n−t+k values, with 0 ≤ k ≤ t,
at least n − t of these values are honest, and discarding the lowest k and the
highest k values received is sufficient.

The byzantine parties may still prevent the honest values from converging
by sending different values: this can be avoided using digital signatures. Instead
of simply sending their current values, each party may send its signed value to
all parties. Then, the parties could exchange the signed values, and identify any
attempts of equivocation. Hence, if two honest parties consider a value sent by
party P , they consider the same value. This can be implemented as a Weak
Broadcast (WBC) protocol [33].

Then, the parties compute their new values as the average between the lowest
and the highest undiscarded values – these are in the range of honest values at
the start of the iteration. As opposed to the t < n/3 setting, now it is possible
that the parties’ multisets of undiscarded values do not intersect. However, the
ranges do pair-wise intersect – this follows from [51, Lemma 3.7], hence the
honest values’ range is halved.

We still need to discuss Termination: the works of [51, 59] assume an upper
bound on the honest inputs’ range size. The mechanism proposed in [34] can be
used directly, ensuring termination in a finite amount of time. The mechanism
of [1] can also be adapted – however, the property that the multisets Vest are
included in the honest inputs’ range is lost: byzantine parties’ reported values
may contain a corrupted majority, leading to values v0 outside the honest inputs’
range, and hence to an adversarially-chosen round complexity. Instead, we may
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rely on the mechanism of [12], where the parties observe during the iterations
that ε-Agreement was reached – with the cost of one more round per iteration.
We replace WBC with Graded Broadcast (GBC) [12,63]: instead of only receiving
values (or ⊥/nothing), the parties receive values with grades in {0, 1, 2}. Grades
differ by at most 1, and, if the sender is honest, all parties receive its value
with grade 2. Moreover, if two parties get v, v′ with grades at least 1, v = v′.
Using this mechanism, the parties compute their new values based on the values
received with grade at least 1. Once a party P observes n− t values with grade
2 that are ε-close, all parties have received these values with grade at least 1:
their new values are in the range defined by these ε-close values. Then, in the
next iteration, all parties observe that ε-Agreement was reached.

AAauth

Code for party P with input vin

1: done := false, v0 := vin.
2: For it = 1 . . .∞:
3: Send vit−1 via GBC. If done := true, output vit−1 and terminate.
4: Let V := the multiset of values received with grade at least 1.
5: If n− t values received with grade 2 are ε-close, done := true.
6: Let S := the multiset obtained by discarding the lowest k and highest k

values from V , where k :=
∣∣V ∣∣− (n− t), and let vit :=

1
2
· (minS +maxS).

The next theorem (proven in [50]) states the guarantees of AAauth.

Theorem 4. There is a deterministic synchronous protocol achieving AA in an
authenticated setting even when up to t < n/2 of the n parties involved are
byzantine. For ε > 0 denoting the agreement parameter, and D an upper bound
on the honest inputs’ range size, the protocol has round complexity O(log(D/ε))
and message complexity O(log(D/ε) · n4).

3.2 Round Complexity

So far, we have discussed tight conditions regarding resilience, and we now shift
our focus towards optimal round complexity. The protocols described so far
require a number of rounds that is logarithmic in D/ε, where D is the honest
inputs’ range size. Although this round complexity is efficient, it is not optimal.

Lower bound. The work of [34] has addressed the optimality of their protocol
in terms of convergence factor, i.e., how close the honest parties’ values can get
after a fixed number of rounds, and provided a lower bound for a particular class
of protocols in standard form: in every iteration, the parties send their current
values, and each party computes its new value as a function of the values received.
Within this class, the protocol of [34] is optimal: no other function for computing
a new value performs better. Fekete [42] has later provided a lower bound for
the general case, stated below, leaving a gap in contrast to the protocol of [34].
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Theorem 5 (Theorem 15 of [42]). Let Π be an arbitrary deterministic R-round
protocol that satisfies Validity and Termination on [a, b] ⊆ R even when up to t
of the n parties involved are byzantine. Then, there is an execution of Π where
the honest inputs are in {a, b} and two honest parties output values v and v′

satisfying
∣∣v − v′

∣∣ ≥ D ·K(R), where K(R) ≥ tR

RR·(n+t)R
and D = b− a.

As described in [47], the proof of Theorem 5 relies on constructing a chain at most

s ≤ (n+t)R

t1·t2·...·tR views for each distribution {t1, t2, . . . , tR ∈ N : t1 + t2 + · · ·+ tR ≤
t}. Roughly, ti represents the number of byzantine parties that try to cause
inconsistencies in the honest parties’ views for the first time in round i. For
any pair of views that are consecutive in the chain, there is an execution where
two honest parties obtain those views. The chain is constructed such that, by
Validity, the first view leads to output a, and the last view leads to output b.
This implies the existence of two consecutive views in the chain that yield two
honest outputs v, v′ ∈ R with

∣∣v−v′
∣∣ ≥ D/s ≥ D·K(R). The work of [47] restates

Theorem 5 in terms of round complexity, as described by the corollary below.
Note that this result is somewhat orthogonal to the well-known requirement of
t+ 1 rounds for deterministic BA [35].

Corollary 1 (Theorem 2 of [47]). Assume that n, t > 0. Then, any deterministic
protocol that achieves AA on [a, b] ⊆ R even when up to t of the n parties are

byzantine requires at least Ω
(

log(D/ε)

log log(D/ε)+log n+t
t

)
rounds, where D = b− a.

A first round-optimal protocol. Fekete [42] has also proved the lower bound
of Theorem 5 to be asymptotically tight. Assuming n = c · t for a constant
c < 1/4, [42] proposed a fixed-round full-information protocol – the parties send
their complete view to all parties in each round, leading to a message complexity
of O(nR) for R rounds. The parties then make a decision based on their final
view: this allows them to identify byzantine parties that have deviated from the
protocol, enabling a better convergence factor than that of [34].

Gradecast-based approach. Later, [12] has presented anAA protocol that asymp-
totically matches Theorem 5, with optimal resilience t < n/3, and efficient mes-
sage complexity O(R · n3) for R rounds. Internally, the protocol of [12] operates
in iterations, similarly to [34], but allows the parties to identify byzantine parties
that misbehave. In each iteration, the parties distribute their current values via
GBC. Each party fills in the missing values with some default value, and then dis-
cards the lowest t and the highest t values. Afterwards, it computes its new value
as the average of undiscarded values. If a byzantine party P̃ attempts to intro-
duce inconsistencies in the honest parties’ views during iteration it, the honest
parties detect this (no honest party obtains grade 2 in P̃ ’s GBC invocation). The
parties mark such parties as corrupted, and do not actively participate in any
further GBC invocations having these parties as senders: P̃ will be ignored in all
further iterations. Then, if tit out of the t byzantine parties cause inconsistencies
in the values received by honest parties in iteration it, the protocol ensures that
the honest values’ range shrinks by a multiplicative factor of tit

n−2t . As a result, if
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the honest inputs are D-close, their values become
(

tR

RR·(n−2t)R
· D

)
-close after

R iterations. The following theorem comes from [47], and extends the analysis
of [12] from a fixed ε := 1/n to any ε > 0.

Theorem 6 (Theorem 3 of [47]). There is a deterministic synchronous protocol
achieving AA on real values when even up to t < n/3 of the n parties involved are
byzantine. For ε > 0 denoting the agreement parameter and D an upper bound on

the honest inputs’ range size, the protocol has round complexity O
(

log(D/ε)
log log(D/ε)

)
and message complexity O

(
log(D/ε)

log log(D/ε) · n
3
)
.

Matching the lower bound under an honest majority. Theorem 5 is also asymp-
totically tight under an honest majority in authenticated settings. As pointed
out in [47], with a few adjustments, the Proxcensus protocol of [49] becomes an
AA protocol that matches Theorem 5 for t = c · n corruptions, for any con-
stant c ∈ [1/3, 1/2) – given an upper bound D on the honest inputs’ range size.
Roughly, the protocol of [49] operates in iterations enabling the honest parties’
values to converge. It relies on GBC to identify corruptions similarly to [12], while
also integrating the insights we have discussed for the t < n/2 setting. This leads
to an AA protocol that, after R iterations, brings the honest values closer by a

factor of tR

RR·(n−2t)R
, asymptotically matching Theorem 5. As stated in [47, The-

orem 9], ε-Agreement is reached within O(1) · log2(D/ε)

log2

(
(1−2c)/c

)
+log2 log2(D/ε)

rounds.

We need, however, to highlight a few technical details. If n − 2t ∈ o(n), the
number of sufficient rounds depends on t. Whether there is a tighter analysis for
the protocol of [49] or the lower bound of Theorem 5 can be improved is an open
question. Another observation, pointed out in [47], is that log2

(
(1 − 2c)/c

)
≤

0 for any c ∈ [1/3, 1/2), and hence the current analysis requires D/ε to be
sufficiently large for a meaningful round complexity. To circumvent this issue,
as discussed in [47], we may rely on the protocol described in Theorem 4 if
log2

(
(1− 2c)/c

)
+ log2 log2(D/ε) ≤ 0 and hence D/ε = O(1). In this case, the

protocol of Theorem 4 requires O(1) rounds.

Theorem 7 (Theorem 8 of [47]). If the honest inputs are D-close real values
and c is a constant in [1/3, 1/2), there is a deterministic synchronous protocol
achieving AA in an authenticated setting even when up to t = c·n of the n parties
are byzantine. If ε > 0 denotes the agreement parameter, the protocol has round

complexity O
(

log2(D/ε)
log2 log2(D/ε)

)
and message complexity O

(
log2(D/ε)

log2 log2(D/ε) · n
4
)
.

We add that one can remove the assumption that D is known in the adjusted
protocol of [49] by adapting the mechanism of [12] to the honest-majority setting,
as we have described for AAauth. However, this approach prevents us from relying
on another protocol if D/ε is constant. We leave as an open problem whether the
adjusted Proxcensus protocol of [49] achieves, in fact, ε-Agreement within O(1)
rounds when D/ε is constant, or whether it is possible to design a termination
mechanism that enables us to combine the protocol of [49] with another protocol.
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We conclude the subsection by noting that each of the solutions we have
discussed matches Theorem 5 and Corollary 1 only asymptotically. Whether
the lower bounds can be improved, or whether one can design protocols with
improved convergence guarantees is an open question.

3.3 Communication Complexity

Optimal communication complexity for AA is an open question – both in terms
of message complexity, and in terms of bit complexity. Below we describe the
existing results. We note that lower bounds from the literature of BA [2, 15, 35]
imply that AA requires at least O(n2) messages overall.3

The protocol of [34] incurs O(n2) messages per iteration, where each mes-
sage is a real value – taking into account the (efficient) termination mechanism
we have described for Theorem 3, this leads to O(n4 + log(D/ε) · n2) messages,
where each message is a real value. GBC-based solutions involve n invocations
of GBC per iteration, hence our protocol AAauth has a message complexity of

O(log(D/ε) · n4). The optimal-round protocols reach O
(

log(D/ε)
log log(D/ε) · n

3
)

mes-

sages in the t < n/3 setting, and O
(

log(D/ε)
log log(D/ε) · n

4
)

in the t < n/2 setting.

Note that, if n ∈ Ω
(

log(D/ε)
log log(D/ε)

)
, the protocol of [34] achieves a lower mes-

sage complexity than that of the round-optimal protocol of [12]. It would be
interesting to see whether there is a trade-off between round complexity and
communication complexity. Such trade-off is also suggested by the CA protocol
of [53], which achieves asymptotically optimal bit complexity within O(n logn)
rounds, in contrast to t+ 1 rounds for higher-communication protocols.

We add that each of the messages contains a real value within the honest
inputs’ range. The concrete length of these messages may be, in fact, adversar-
ially chosen (as the byzantine parties can send values in the honest range, but
with arbitrary precision). Prior works have investigated approaches for reduc-
ing the bit complexity, i.e., [65] achieves (asynchronous) AA resilient against
t < n/3 corruptions with round complexity O(log(M/ε)) and bit complexity
O(n2 · log(M/ε) · log log(M/ε)), where M denotes the honest inputs’ magnitude
(i.e., the largest honest input in absolute value). We add that, in the synchronous
model, we can achieve AA within O(n log n) rounds and with bit complexity
O(n · log(M/ε)+κ ·n2 log2 n) assuming a hash function with security parameter
κ through a simple reduction to the protocol of [53] (see [50]).

4 AA in the Asynchronous Model

We now consider the other extreme in terms of network assumptions: the asyn-
chronous model, which only assumes that messages get delivered eventually.
Asynchronous protocols are therefore robust to network issues, in contrast to

3 For BA, randomized protocols with subquadratic communication are possible with
static and weakly-adaptive adversaries [2, 14,16,55].
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synchronous protocols. However, this comes with a cost regarding resilience:
in the asynchronous model, parties cannot distinguish between honest parties
whose messages are simply delayed and byzantine parties that have not sent
those messages. This discards the property that all honest values are delivered,
which played a key role in achieving AA even up to t ∈ [n/3, n/2) corruptions.

4.1 Feasibility

Asynchronous AA requires t < n/3: in contrast to Theorem 2, this holds even
in authenticated settings. Roughly, the messages of t honest parties may be
delayed for a long time, and these honest parties are essentially replaced by t
byzantine parties. If n ≤ 3t, the remaining at most t honest parties will be
forced to complete the protocol in a byzantine-majority setting. Then, similarly
to the arguments behind Theorem 1, by trying to achieve Validity, ε-Agreement
is broken.

Theorem 8. There is no asynchronous protocol achieving AA when t ≥ n/3.

We note that this requirement applies to randomized asynchronous BA pro-
tocols as well [70]. On the other hand, there is no deterministic asynchronous
protocol achieving BA even up to t = 1 corruptions [44].

A first asynchronous AA protocol. Along with introducing the AA problem and
presenting its characterization in the synchronous model, [34] has also investi-
gated its feasibility in the asynchronous model. Their asynchronous AA protocol
requires t > n/5 and follows the synchronous one with minor adjustments: in
each iteration, instead of waiting for one round to ensure that all honest par-
ties’ messages are received, the parties wait for n− t messages. Afterwards, each
party discards the lowest t and the highest t values received, and computes its
new value as the average of the undiscarded values, leading to the honest values
getting closer by a factor of (⌊(n− 3t− 1)/2t⌋+ 1)

−1
.

First approach for optimal resilience. Coan [26] has presented a compiler trans-
forming a crash-resilient protocol into a byzantine-resilient protocol, leading to
an asynchronous AA protocol resilient against t < n/3 corruptions. However, the
resulting protocol comes with a cost in terms of how fast the honest values con-
verge – from (⌊(n− 3t− 1)/2t⌋+ 1)

−1
in the protocol of [34] to ⌊(n−1)/t⌋−1/3.

We note that the protocol of [26] does not include a termination mechanism.
In the remainder of the subsection, we will be building towards the optimal-

resilience solution of [1], which halves the honest values’ range in each iteration.

An immediate improvement over [34]. A reason why t < n/5 is required by the
asynchronous protocol of [34] is that the byzantine parties may send different
values to different parties. As pointed out in [1], this can be easily avoided if the
parties send their values via Reliable Broadcast (RBC) [20]. However, this would
only lead to resilience up to t < n/4 byzantine corruptions: while RBC ensures
that the honest parties do not receive different values from the same byzantine
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party, the asynchronous model still introduces challenges. If the honest parties
wait until they receive n−t values viaRBC before computing new values, we may
lose the guarantee that their ranges of undiscarded values have some intersection,
which may prevent the honest parties’ values from converging. Indeed, RBC
ensures that the honest parties receive sufficient values to guarantee intersection
eventually – the honest parties would need to wait long enough.

Optimal resilience via the Witness Technique. The work of [1] has introduced
a mechanism called the Witness Technique, which forces the honest parties to
wait long enough so that their ranges of undiscarded values indeed intersect. The
parties report the first n− t values received via RBC, but keep waiting for later
values. Once a party receives all n− t values reported by some party P , it marks
P as a witness. A party has waited long enough for values once it has marked
n−t parties as witnesses. This will ensure that each pair of parties has a common
honest witness, and hence they have received n− t common values. This enables
[1] to achieve AA when up to t < n/3 of the parties involved are byzantine:
due to the large pair-wise overlap in the multisets of the values obtained by the
honest parties through the Witness Technique, they have common values after
discarding the lowest t and the highest t values as well. Then, they compute
their new values as the average between the lowest and the highest undiscarded
values, which ensures that the honest parties’ values stay in the honest inputs’
range, and that honest values’ range is halved with each iteration. If the honest
inputs are D-close, O(log(D/ε)) iterations are sufficient to achieve AA.

Termination mechanism. As described in Section 3, the protocol of [1] starts with
an exchange where each party (i) estimates a multiset Vest within the honest
inputs’ range, and (ii) obtains a (valid) value v0 that is in every honest party’s
[minVest,maxVest]. The parties then join the first iteration using their values v0,
and send halting messages announcing the number of iterations they believe to
be sufficient. Once a party notes that the iteration corresponding to the (t+1)-th
lowest number announced was executed, it outputs the value obtained in that
iteration, as ε-Agreement was reached. This leads to the result below.

Theorem 9 (Theorem 2 of [1]). There is a deterministic asynchronous protocol
achieving AA even when up to t < n/3 of the n parties are byzantine. If ε > 0 is
the agreement parameter and D an upper bound on the honest inputs’ range size,
the protocol has round complexity O(log(D/ε)) and message complexity O(n4 +
log(D/ε) · n3).

A technical note. If we instantiate the RBC protocol with Bracha’s protocol [20]
in the AA protocol of [1], the honest parties need to continue actively participat-
ing in prior iteration’s RBC invocations even after they obtain an output. This
is needed to ensure that honest parties that are still in earlier iterations indeed
receive sufficient values via RBC to move forward. This issue is discussed in de-
tail in the work of [64], which proposes an alternative to the Witness Technique
that enables the honest parties to terminate upon obtaining an output.
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4.2 Round Complexity

While Corollary 1 already gives us a lower bound, it leaves a gap in contrast to
the round complexity of the protocols described in this section. Below we first
present a stronger lower bound, which comes from [41], describing how close the
honest parties’ values may get after R asynchronous rounds of communication,
given that up to t of the parties involved may exhibit omission failures. This
is a weaker adversarial model in comparison to byzantine failures: parties ex-
hibiting omission failures may choose whether to send a message or not, but
otherwise follow the protocol correctly. Hence, the bound described in Theo-
rem 10 holds for byzantine failures as well. The term canonical-round in the
theorem statement refers to protocols that can be written in full-information
form: in (asynchronous) round r, parties send their views from round r−1, and,
upon receiving n− t such views in round r, a party may advance to round r+1.

Theorem 10 (Theorem 2 of [41]). Let Π be a deterministic canonical-round
R-round protocol that satisfies Validity and Termination on [a, b] ⊆ R in the
asynchronous model even when up to t of the n parties involved may exhibit
omission failures. Then, there is an execution of Π where the honest inputs are in
{a, b} and two honest parties output values v and v′ satisfying

∣∣v−v′
∣∣ ≥ D·K(R),

where K(R) ≥
⌈
n−t
t

⌉−R
and D = b− a.

We may convert this result into a lower bound regarding round complexity.

Corollary 2. Assume that n, t > 0. Then, any deterministic canonical-round
asynchronous protocol achieving AA when the honest inputs are in [a, b] ⊆ R and
even when up to t of the n parties exhibit omission failures has round complexity

Ω
(
log n

t
(D/ε)

)
, where ε > 0 denotes the agreement parameter and D = b− a.

The asynchronous AA protocol of [34] is already in canonical-round form.
After R rounds, this protocol brings the honest parties’ values closer by a factor

of
⌈
n−3t
2t

⌉−R
. By Theorem 10, this protocol achieves optimal round complexity

up to constants for any t < n/5 – which is not optimal resilience. The recent work
of Attiya, Flam and Welch [5, 6] note that the optimally-resilient protocols in
[1,26] do not fit the canonical-round form, and that protocols in canonical-round
form tolerating t ∈ [n/5, n/3) corruptions must incur an unbounded number of
canonical rounds. Whether the lower bound of [41] can be extended to protocols
beyond canonical-form is an open problem. Such an extension would make the
protocol of [1] round-optimal up to constants whenever t/n ∈ Θ(1).

4.3 Communication Complexity

Communication complexity does not only provide open questions in the syn-
chronous model, but also in the asynchronous model. Regarding sufficiency, in
each of the iterations of the optimal-resilience protocol of [1], the honest parties
send a total of O(n3) real values, plus O(n3) bits (to report values in the Witness
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Technique) – in total, this is O(log(D/ε) · n3) messages. The RBC-based proto-
col we have briefly described also requires the honest parties to send O(n3) real
values per iteration. The communication complexity was improved by a linear
factor in [8], albeit convex validity is slightly relaxed, or in [34], at the cost of
tolerating up to t < n/5 corruptions as opposed to t < n/3. The recent work
of [65] investigates whether AA can be achieved with O(n2) messages per itera-
tion in the asynchronous model when even up to t < n/3 of the parties involved
are byzantine, and answers this question positively, presenting a protocol with
round complexity O(log(M/ε)) and bit complexity O(n2 ·log(M/ε)·log log(M/ε)),
where M denotes the honest inputs’ magnitude (largest input in absolute value).

5 Network-Agnostic AA

So far, we have seen that the (authenticated) synchronous model enables pro-
tocols with high resilience thresholds, but relies on strong network assumptions:
sporadic network issues may cause honest messages to be delayed longer than
expected, and, in such cases, a synchronous protocol may not provide any guar-
antees. In contrast, asynchronous protocols are robust against network issues,
with the cost of lower corruption thresholds. However, the assumptions behind
the asynchronous model (messages get delivered eventually) are very weak and
somewhat too pessimistic for a real-world network. The network-agnostic model,
introduced in [17], aims to combine the advantages of the two extremes, provid-
ing the best-of-both worlds: protocols designed in this model are meant to reach
optimal corruption thresholds in the synchronous model, while also providing
security when running in an asynchronous network. More precisely, the parties
are unaware of whether the network is synchronous or not. Up to ts parties may
be corrupted if the network is synchronous, and up to ta ≤ ts otherwise. For
AA, this leads to the following definition, presented in [51]:

Definition 3. Let ts ≥ ta, and let Π(ε) be an n-party protocol in which every
party holds a value in R as input. We say that Π(ε) is a (ts, ta)-secure AA
protocol if (i) it achieves AA when running in a synchronous network where up
to ts of the n parties involved are byzantine; (ii) it achieves AA when running in
an asynchronous network where up to ta of the n parties involved are byzantine.

5.1 Feasibility

We first discuss the necessary and sufficient conditions for (ts, ta)-secure AA.

Lower bound. We may already point out two constraints: ts < n/2 from Theo-
rem 1 and ta < n/3 from Theorem 8. However, these are not tight. As shown
in [51], a stronger condition is needed: n > 2 · ts+ ta. This matches the necessary
condition for network-agnostic BA [7, 17, 27, 32] and network-agnostic CA [30],
providing a trade-off between the synchronous and asynchronous bounds.

Theorem 11 (Theorem 5.1 of [51]). There is no (ts, ta)-secure AA protocol if
n ≤ 2 · ts + ta.
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The arguments behind this theorem are similar to those of Theorem 8 and The-
orem 2: if n ≤ 2 ·ts+ta, one cannot distinguish between a synchronous execution
where ts parties are byzantine and silent, and an asynchronous execution where
the messages of ts honest parties are delayed. Then, in an asynchronous exe-
cution, the ta byzantine parties can follow the protocol with different inputs
towards the two sets of at most ts honest parties, forcing them to output values
that are valid, but not ε-close. This argument would fail in a synchronous net-
work with digital signatures. In an asynchronous network, however, the honest
parties may only receive proof of equivocation after deciding their outputs.

Protocol. The work of [51] shows that the condition n > 2·ts+ta is also sufficient.
Their protocol follows the outline of the asynchronous protocol of [1], while
incorporating the insights described in Section 3. Concretely, [51] introduces a
network-agnostic variant of the Witness Technique of [1], called Overlap All-
to-All Broadcast (OBC). On top of preserving the Witness Technique property
that the parties’ views have a large overlap, it also ensures that, if the network is
synchronous, all honest parties’ values are delivered. If party P receives n−ts+k
values via OBC, then: if the network is synchronous, up to k of these values come
from byzantine parties, and, otherwise, up to ta. To compute its new value, P
discards the lowest max(k, ta) and the highest max(k, ta) values received, and
takes the average between the lowest and the highest values remaining. This way,
in each iteration, the honest parties’ new values stay within the range of values
they held at the start of the iteration. In addition, after discarding outliers,
the ranges obtained by the honest parties pair-wise intersect (similarly to the
honest-majority synchronous case), hence the honest values’ range gets halved.

Theorem 12 (Theorem 3.1 of [51]). Given D such that the honest inputs are D-
close, there is a deterministic protocol achieving (ts, ta)-secure AA in an authen-
ticated setting if n > 2 ·ts+ta. If ε denotes the agreement parameter, the protocol
has round complexity O(log(D/ε)) and message complexity O(log(D/ε) · n4).

Detecting when ε-Agreement is reached. Note that Theorem 12 requires an up-
per bound on the honest inputs’ range size. This assumption can be removed
through the termination mechanism presented in [52] (by instantiating the un-
derlying RBC protocol with that of [66] instead of [20]). This mechanism is
similar to that of the asynchronous AA protocol of [1]. However, as described
in [52], the resulting runtime is finite, but may be adversarially chosen: due to
the higher resilience threshold ts when the network is synchronous, similarly to
the honest-majority synchronous setting, the honest parties are unable to derive
valid values v0 for the byzantine parties, hence their multisets Vest are not guar-
anteed to be in the honest inputs’ range. Designing a termination mechanism
tailored to the network-agnostic model that avoids this issue is an open question.

5.2 Round Complexity

While the design of an efficient termination mechanism remains open, the ques-
tion of optimal round complexity is also unresolved – even when assuming an
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upper bound D on the honest inputs’ range. A network-agnostic AA protocol
cannot bypass Theorem 5 in the synchronous setting. Beyond having a suitable
asynchronous lower bound regarding round complexity, it is unclear whether one
can design a network-agnostic protocol exploring the advantages of synchrony
to accelerate convergence in synchronous networks. This question is compelling
even in unauthenticated settings: is there an AA protocol secure against up to
t < n/3 corruptions that matches the lower bound of Theorem 5 when running
in a synchronous network and still achieves a reasonable runtime otherwise?

5.3 Communication Complexity

Similarly to synchronous AA and asynchronous AA, optimal communication
complexity for network-agnostic AA is an open problem. Regarding sufficient
conditions, we note that each iteration of [51] incurs O(n4) messages, where
each message consists of a real value and a signature. We add that the message
complexity per iteration can be reduced to O(n3) by using threshold signatures.

6 Stronger Validity Conditions

While AA ensures that the honest outputs are in the honest inputs’ range, this
still leaves room for adversarial bias towards extremes of this range. This can be
mitigated through stronger Validity notions. For instance, δ-Median Validity [68]
requires the honest outputs to be close to the honest inputs’ median: if the
honest inputs are v1 ≤ v2 ≤ . . . ≤ vn−t and the median is at position µ, the
outputs must be within [vmax(1,µ−δ), vmin(µ+δ,n−t)]. A more general definition is
(δ,m)-Interval Validity [60]: the outputs must be in [vmax(1,m−δ), vmin(m+δ,n−t)].

Tight conditions in the synchronous model. We first discuss lower bounds re-
garding how close the honest outputs may be to the m-th lowest honest input in
synchronous AA with (δ,m)-Interval Validity: this depends on the actual value
of m. These lower bounds below follow from a scenario-based argument pre-
sented in [60] for exact agreement that can be easily generalized to ε-Agreement.
Roughly, the byzantine parties may follow the protocol correctly with inputs that
are no higher than the lowest honest input, pushing the honest parties’ estima-
tion of the m-th lowest input δ ≈ t/2 positions away from the m-th lowest honest
input, as stated below. In addition, values of m denoting extremes of the honest
inputs’ range require an even stronger condition on δ.

Theorem 13 (Theorem 1, Theorem 2 of [60]). If t of the n parties are byzantine,
there is no AA protocol that additionally achieves (δ,m)-Interval Validity for
δ < ⌈t/2⌉ if m ∈ [⌈t/2⌉+1, n−⌊3t/2⌋], and for δ < t if m /∈ [⌈t/2⌉+1, n−⌊3t/2⌋].

To achieve AA with (δ,m)-Interval Validity, one may use the setup sub-
protocol (Phase 1) of [60] – through an exchange of inputs, this provides each
party with a value v satisfying (δ,m)-Interval Validity for δ < ⌈t/2⌉ if m ∈
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[⌈t/2⌉ + 1, n − ⌊3t/2⌋], and for δ < t if m /∈ [⌈t/2⌉ + 1, n − ⌊3t/2⌋]. The par-
ties may subsequently run any AA protocol with inputs v. This provides ε-close
outputs within the range of honest values v, maintaining (δ,m)-Interval Validity.

Tight conditions in the asynchronous model. The asynchronous model imposes
the stricter requirement of δ ≥ t for δ-Median Validity. Intuitively, in the syn-
chronous model, the byzantine parties were only able to push the honest median
up to t positions to the right (by claiming inputs lower than the honest median).
In the asynchronous model, on the other hand, t of the honest inputs may be
missing, enabling the byzantine parties to also push the honest median up to
t positions to the left. Note that, if n = 3t + 1, Theorem 14 implies that one
cannot do better than the standard Validity definition of AA.

Theorem 14 (Lemma 6 of [28]). If n > 3t and δ < t there is no asynchronous
protocol achieving Termination and δ-Median Validity.

Theorem 14 is tight – [28] proposes a protocol where the parties have an
initial exchange of values where they obtain values satisfying δ-Median Validity
for δ < t, similar to that of [60]. Afterwards, the parties run an AA protocol.

A network-agnostic approach. Due to the stronger requirements on δ regarding
δ-Median Validity in the asynchronous model in comparison to the synchronous
model, the work of [28] proposes a network-agnostic protocol that matches the
lower bounds of the network it runs in. This is an AA protocol that tolerates up
to t < n/3 byzantine corruptions and achieves δ-Median Validity for δ = ⌈t/2⌉ if
it runs in a synchronous network for sufficiently long (i.e., throughout an initial
exchange of values), and for δ = t when it runs in an asynchronous network.

7 Variants of AA on Other Input Spaces

Extensions of AA beyond real values have been explored in several settings:
multidimensional real values [52, 61, 62, 71], particular classes of graphs [3, 46,
47,58,65,67], and semi-lattices [67]. Given a convexity notion (i.e., straight-line
convexity for multidimensional real values), the Validity requirement becomes
that the honest outputs are in the honest inputs’ convex hull. In addition, in
discrete settings such as graphs, the ε-Agreement requirement may be changed
to accommodate the non-zero distances achievable, e.g., 1-Agreement.

7.1 Feasibility

Protocols. Regardless of the input space considered, the iterative outline of real-
valued AA remains a powerful tool for designing protocols. Once communication
mechanisms are in place, the core difficulty becomes a local problem: the parties
are given consistent views (i.e., at least n − t values/inputs) that (pair-wise)
intersect in at least n − t values. Each such view includes at least h honest
values. Every party then needs to derive a value in the honest values’ convex
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hull such that the new values get closer – defining a function for computing a new
value that satisfies these properties is the core difficulty. Once such a function
is defined, repeating this process over sufficiently many iterations ensures AA.
This abstraction is highlighted in [67], under the name of abstract AA.

Once a party obtains its view, it can estimate a safe area that is included in
the honest values’ convex hull by intersecting the convex hulls of each subset of h
values in its view: this is a generalization of discarding outliers in AA on R. More
complex spaces require stronger conditions to ensure that the honest parties’ safe
areas are non-empty. These depend on a feature of the space called Helly number
ω, i.e., the smallest w such that: for any finite family of convex sets of the space,
if every w members of the family intersect, then the whole family has a non-
empty intersection. Concrete conditions are then t < n/ω in the synchronous
model [30, 67, 71], t < n/(ω + 1) in the asynchronous model [30, 61, 67, 71], and
n > max(ω · ts, ω · ta + ts) in the network-agnostic model [30,52].

Once the honest parties hold non-empty safe areas, we would like the safe ar-
eas to have some (pair-wise) intersection. This way, computing the new values as
some form of “middle point” of the safe area (how to do so varies across spaces)
implies that the honest values converge. In the synchronous and asynchronous
models, the ω-based conditions for non-empty safe areas often ensure such in-
tersection. A crucial property in these settings is that the more values a party
receives, the larger its safe area becomes. In the network-agnostic model, this
property is lost, and current solutions rely on stronger conditions. Hence, proto-
cols for Rd (where ω = d+1) assume t < n/(d+1) in the synchronous model [71],
t < n/(d + 2) in the asynchronous model [61, 71], n > (d + 1) · ts + ta in the
network-agnostic model [52]. For particular classes of graphs (chordal graphs),
where ω := the size of the largest clique, the conditions become t < n/ω in the
synchronous model [67], t < n/(ω + 1) in the asynchronous model [30, 67], and
n > ω · ts + ta in the network-agnostic model [30].

Impossibility results. The conditions stated so far are sufficient. These are only
known to be necessary for Rd in the synchronous and asynchronous models
[61, 62, 71]. We add that one can obtain tight necessary conditions for trees
(where ω = 2) following the arguments discussed for R.

The sufficient conditions for network-agnostic AA on Rd [52] and chordal
graphs [30] generalize the sufficient conditions in the synchronous and asyn-
chronous models. However, it is unknown whether these are tight. As the weaker
condition n > max(2 · ts + ta, ω · ts, ω · ta + ts) is tight for network-agnostic CA,
one could expect that this should be the case for AA as well (at least in Rd).

7.2 Efficiency Metrics

Local computation. The extensions of AA leave many aspects of efficiency still
open. The protocol outline we have described incurs exponential local computa-
tion complexity. While this can be avoided for trees [47], designing more efficient
approaches for Rd or more general classes of graphs is an open question. For Rd,
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multiple relaxations of the problem have been considered: assuming that inputs
can be validated [36], requiring the honest outputs to lie in the convex hull of
the honest inputs’ projections onto lower dimensions [72, 73] or to approximate
the honest inputs’ centroid [22] instead of requiring the outputs to lie in the
honest inputs’ convex hull. Such relaxations enable lower local communication
complexity, and also higher resilience thresholds.

Round complexity. Optimal round complexity also raises several open questions.
For Rd, the work of [48] improved the round complexity compared to the initial
solutions [61,71]. However, the optimal round complexity for AA on Rd remains
an open, especially in message-passing models (where communication occurs via
a network) with byzantine failures. In the wait-free model, the recent work of [4]
has established lower bounds and provided efficient protocols for AA on Rd.

For trees, the asynchronous AA protocol of [67] follows the outline of [1] and
achieves round complexity O(logD), where D is the diameter of the input space
tree. In the synchronous model, the work of [47] has extended the lower bound
of Theorem 5 to trees and provided an asymptotically matching protocol. We
note that [47] uses a different approach, reducing AA on trees to AA on R.

For chordal graphs, [67] proposed two protocols: one presented as a protocol
for cycle-free semilattices with round complexity O(D), and a more efficient pro-
tocol with O(logD) rounds, where D denotes the input space graph’s diameter.
However, the efficient protocol of [67] was shown to be incorrect in [30], which
provided a network-agnostic protocol with O(D) rounds. Whether o(D) rounds
are, in fact, sufficient for chordal graphs remains an open problem.

Communication complexity. Protocols following the standard outline [52,61,62,
67, 71] match the message-complexity per iteration of the real-valued variants,
except that now messages contain input space elements as opposed to real values.
We note the recent results regarding AA on trees. The work of [65] has provided
an asynchronous AA protocol for trees with O(n2) messages per iteration, im-
proving over O(n3) in the protocol of [67]. In addition, the reduction of [47]
from AA on trees to AA on R in the synchronous model maintains the message
complexity of the underlying real-valued protocol (this runs on D-close inputs,
where D is the diameter of the tree), except for an (additive) overhead of O(n3)
messages in unauthenticated settings and O(n4) in authenticated settings.

8 Applications of AA

In this section we discuss applications of AA that have arisen in the literature.

Oracle Networks. One of the main current applications of AA is oracle net-
works, where parties (oracles) aggregate numerical data from multiple sources
and output a single value to a blockchain or smart contract. Such values are
required to be in the honest reports’ range, hence these systems naturally relate
to CA and, more broadly, to real-valued AA. These oracle networks are used to
bring off-chain information (e.g., asset prices, sensor data, external events) onto
a blockchain, where smart contracts can use it to make decisions [56].
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Chainlink [21] is the most widely deployed oracle solution. It assumes n ≥
3t + 1 and operates in partial synchrony (a model that assumes the network
is initially asynchronous but eventually becomes synchronous [29, 38]). Chain-
link’s protocol builds on partially-synchronous BA techniques [24], proceeding in
epochs with a designated leader. The parties retrieve data from external sources
and report their signed observations to the leader. Once the leader collects 2t+1
signed observations, it announces them to all parties. Each party then aggregates
these observations, computing the median as the candidate output. From an AA
perspective, this step corresponds to discarding the lowest t and highest t values,
yielding a value in the honest observations’ range. Parties sign a report encod-
ing the result of this aggregation, and send this back to the leader, who, upon
observing t+1 signatures on the same report, forms a certificate and broadcasts
it. Finally, the certified report is submitted to an aggregator smart contract on
the blockchain. Chainlink also includes mechanisms for detecting a byzantine
leader and triggering leader replacement. Assuming an honest leader, the proto-
col completes in O(1) rounds and incurs O(ℓn3 + κn3) bits of communication,
where ℓ denotes the bit-length of honest inputs and κ the security parameter of
the signature scheme. The protocol incurs an additional O(n) factor in commu-
nication and rounds when the adversary is adaptive (since the protocol needs to
iterate until it finds an honest leader).

DORA [25] improves over Chainlink by tolerating an asynchronous network
and reducing communication to O(ℓn2+κn2). Moreover, if the honest inputs are
δ-close, DORA tolerates up to t < n/2 corruptions. Instead of relying on a single
leader, DORA uses a set of aggregators that collect signed values from the parties
and post them directly on the blockchain; the first sufficiently large posted set
is taken as the output. Unlike Chainlink, which requires 2t + 1 reports, DORA
only requires a set containing (t+ 1) δ-close values. The agreed-upon output is
the mean of these values, which is δ-close to the honest inputs’ range.

Delphi [8] further improves upon prior approaches by replacing the use of
signatures as a core piece in achieving agreement with AA. Similarly to [25], [8]
assumes that honest inputs are drawn from a thin-tailed distribution, imply-
ing that they are δ-close with high probability. The work of [8] presents an
asynchronous protocol achieving AA with a relaxed Validity guarantee (honest
outputs are δ-close to the honest inputs’ range). If the honest inputs consist
of up to ℓ bits, this protocol incurs O

(
ℓn2 · δ

ε ·
(
log

(
δ
ε log

δ
ε

)
+ log(λ logn)

))
bits

of communication and O
(
log

(
δ
ε log

δ
ε

)
+ log(λ logn)

)
rounds, where λ denotes a

statistical security parameter. As mentioned in Section 4, this improves over the
protocol of [1] by a linear factor of n in terms of communication complexity.
Delphi then builds an oracle network on top of this AA protocol by adding one
final communication round: once AA with agreement parameter ε is reached,
parties distribute signed outputs rounded to the nearest multiple of ε. When a
party observes t+ 1 signatures on the same value, this value is published to the
blockchain. The published output is (δ + ε)-close to the honest inputs’ range.

Randomness Beacons.AA protocols have also been used in larger building blocks
like randomness beacons [9], which have been used for more complex systems



SoK: Approximate Agreement 21

like multi-party computation [11]. While many randomness beacon protocols
make use of threshold cryptographic setups or incur high computational cost
with the use of public-key cryptography [18,19,31,54], protocols like HashRand
[9] generate a common random value via AA, which is deterministic and only
incurs basic arithmetic operations. At a high level, the protocol uses n parallel
instances of asynchronous verifiable secret sharing, where each party distributes
a random value, along with the AA protocol Delphi [8] to consolidate the values
into a single approximately-agreed common random value that is unpredictable.
The resulting protocol produces 78 beacons per minute on a geo-distributed
environment with n = 136 nodes, improving over state of the art approaches that
use discrete-log operations [31,54]. The protocol is also post-quantum secure.

Sensor Networks. A recent work [10] has considered AA in the context of sensor-
equipped cyber-physical systems (CPS). In this setting, sensors are deployed over
an area and they must collectively locate certain target locations. Sensors are
resource-constrained and often deployed in adverse environments, which requires
a fault-tolerant distributed protocol to agree on (an approximate coordinate
of) the target location. The authors employ Delphi [8] along with 2D Voronoi
diagrams to divide the area into different regions. In a sensor testbed with n = 19
sensors, their protocol reduces the energy consumption of the prior state-of-the-
art protocol [37] to 2

5 -th, in exchange for a 2% loss in location accuracy.

9 Conclusions

In this work, we surveyed AA in the presence of byzantine faults, focusing on
the well-understood case of real-valued inputs and situating it within broader
domains such as higher dimensions and graphs. We described feasibility across
synchronous, asynchronous, and network-agnostic models, highlighted the main
techniques used in existing protocols, and compared them in terms of resilience,
round complexity, and communication cost. In addition, we explored stronger
Validity notions and broader input spaces. Beyond unifying existing results, this
systematization exposes several fundamental open questions. While resilience
thresholds for real-valued AA are largely settled, optimal efficiency guarantees
remain unresolved: both in terms of round complexity and communication com-
plexity. Termination mechanisms present an additional challenge, especially in
the network-agnostic model. Finally, while several extensions beyond the R are
known, we still lack a clear characterization of AA on general input spaces.

By clarifying what is known and where gaps lie, we hope this SoK provides a
useful reference point and helps guide future work on AA and its applications.

10 Acknowledgments

We thank our anonymous shepherd and the anonymous reviewers for their help-
ful feedback and suggestions, which significantly improved this paper. We also
thank Akhil Bandarupalli and Mose Mizrahi Erbes for drawing our attention to
relevant related work.



22 Diana Ghinea and Chen-Da Liu-Zhang

References

1. Ittai Abraham, Yonatan Amit, and Danny Dolev. Optimal resilience asynchronous
approximate agreement. In Teruo Higashino, editor, Principles of Distributed Sys-
tems, pages 229–239, Berlin, Heidelberg, 2005. Springer Berlin Heidelberg.

2. Ittai Abraham, T.-H. Hubert Chan, Danny Dolev, Kartik Nayak, Rafael Pass,
Ling Ren, and Elaine Shi. Communication complexity of byzantine agreement,
revisited. In Peter Robinson and Faith Ellen, editors, 38th ACM PODC, pages
317–326. ACM, July / August 2019. doi:10.1145/3293611.3331629.
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