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Abstract. We propose a routing algorithm that finds the optimal one-
hop swapping between two tokens. The gas consumption is optimized so
that it can be run fully on-chain and supports large query amount. Our
algorithm is adopted by the Monday Trade protocol.
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1 Introduction

Routing algorithms examine fragmented liquidities across different exchanges
for the best swap path. [3] gives a satisfactory modeling of this problem and
solves it using Cvxpy [4], a domain-specific optimization language. However,
the computational power on blockchain is limited and expensive optimization
procedure may not be feasible to run on-chain. The hybrid off-chain routing and
on-chain execution model introduces an inherent risk: on-chain data may have
changed by the time of execution. Moreover, the modeling in 3] assumes that the
explicit forms of the trading functions (Definition [2) of the automated market
makers (AMMSs) are known, which is not always the case on-chain, especially
for concentrated liquidity AMMSs like Uniswap v3 [2]. We only assume the query
access to the trading function.

linch, an aggregator protocol, publishes an on-chain routing algorithm [I],
which models the routing problem as a knapsack problem and solves it by dy-
namic programming (DP). To our best knowledge, it is the only on-chain routing
algorithm published so far. In this article, we propose an on-chain routing algo-
rithm (Algorithm (1)) and show that it outperforms the DP-based algorithm.

The organization of the article is as follows. We formalize the routing problem
and prove an optimality condition (Proposition in Section {2 We propose
our transfer algorithm in Section [3] and prove its convergence in Section [ In
Section [0} we present the experiment result to show the gas saving achieved by
our algorithm.
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2 Problem formulation

Denote by X/Y the token that we sell/buy.

Definition 1 (AMM). Let C : R? — R be a function, called the AMM curve.
An AMM of curve C quotes the price of X in'Y by implicit differentiation

_dy oC/0x
pquote - dZC - 80/8]47

where x and y are the inventory of X and Y in the AMM.

Definition 2 (Trading function). The AMM trading function Ey , : Tin —
E. (i) is the implicit function defined by the following equation.

C(l’ + Tin, Y — Em,y(xm)) =k,

where C(z,y) is the AMM curve, © and y the AMM inventory of X and Y, k
some liquidity parameter.

Remark 1. E; () is the amount of Y obtained when selling z;, amount of
X to the AMM with inventory level (z,y).

For non-negative, monotonically decreasing, and convex C, £, , is well-defined,
non-negative, monotonically increasing, and concave [6]. Almost all AMMs in
practice satisfy these conditions.

Definition 3 (Post-trade price). The post-trade price of X in'Y is defined
as follows.

. Epy(m + Ax) — By (zin)
El X — 1 T,y m x,Yy wm
o y(Tin) = fim v

Remark 2. The post-trade price of X in Y is the price quoted by the AMM in
the state (z + Zin, Yy — Ezy(Tin)).

Ezxample 1. Consider the Uniswap v2 AMM with curve xy = k. The trading
function is given by

k
Ez,y(xzn) =Y - z+ .
The post-trade price
E/ in) = — Y
ny (@) (T + min)? T+ Ty,

coincides with the price of X in Y quoted by the Uniswap v2 AMM with inven-
tory level (x + Zin,y — Egy(@in))-

From now, we omit the subscripts of the AMM inventory in the trading function
and write x for x;,. The problem is formulated as follows.
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Given z amount of token X and N AMMs represented by their trading
function F;, 1 <i <n,

N
maximize: ZEl (w;x),
i=1
subject to: wy,wa, - ,wy >0,

wy +we + - Fwy =1,

The scheme is illustrated in Figure [I] for N = 3.

Fig. 1. Multi exchanges one hop

Since FE;’s are concave, the problem is convex and numerous numerical algo-
rithms exist. However, it is infeasible to run generic optimization solvers on-chain
due to the gas constraint. Therefore, we exploit the structure of the problem.

Proposition 1 (Optimality condition). A first order condition for the prob-
lem is: All exchanges with allocated X must share the same post-allocation price.

Proof. Consider two exchanges F; and E; and assign w;z to E; and w;x to
E;. Transfer an infinitesimal amount xdw from F; to F; and the change of the
amount of Y, when expanded to the first order, is
E;((w; + dw)z) — E;j(wix) + E;((w; — dw)z) — E;(w;x)
= [El(w;z) — E(w;z)] zdw.

J

If Ej(w;x) > Ej(w;x), then the transfer from FE; to E; increases the amount of
Y and vice versa. Hence, at the optimal allocation, we must have

Ej(wir) = Ej(wiz).
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The following example is a demonstration of Proposition
Ezample 2. Consider two exchanges

E1 ((E) = 2\/5,
Es(z) =3In(x + 1).
Even both E; and F5 are monotonic and concave, they still intersect in 2 points,

instead of 1 suggested by intuition. Using the Karush-Kuhn-Tucker (KKT) con-
dition, the solution is

LIfo<z <3,

1U2:O.

In this case, Fs is not allocated because even after allocating all X to E,
E{(z) is still larger than E5(0) (E’ is the price of X in Y, so a larger E’
means a cheaper Y).

2. If z > é,

(\/4x+13—3>2
W=\ ) >

(\/41}4—1 —3)
wox = 3 — s

-1,

and the post-trade prices are

1 2
E/ = =
1(w12) J01z iz +13-3’
3 2
E)(wex) =

wox + 1 - dr +13 -3’

in agreement with Proposition

3 Algorithm design

Proposition (1| says that we can aggressively allocate X to the exchange with
the best post-allocate price and adjust the allocation according to the new best
post-allocation price. This gives rise to the transfer-based Algorithm [}

The notations are as follows.

Definition 4 (Allocation lists). The allocation list is defined as

. 1
A:i— (E;(x,)’xl> ,

where x; is the amount of X allocated to F;.
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Algorithm 1: Transfer algorithm for one-hop routing

Data: E: list of exchanges, x: total amount to be allocated, e: tolerance
A < initialize(E, x) ; // Definition

D, R + findDonor(A), findReceiver(A) ; // Definition
while e(A) > ¢A[D][0] do // Definition 6|
legitTransfer < findLegitTransfer(A, D, R) ; // Definition

pr < getPrice(R, A[R][1] + legitTransfer) ;
pp < getPrice(D, A[D][1] — legitTransfer) ;
A[R] < (pr, A[R][1] + legitTransfer) ;
A[D] + (pp, A[D][1] — legitTransfer) ;

D, R + findDonor(A), findReceiver(A) ;

return A ;

Remark 3. % is the price of Y in X. So the larger the first entry in the
allocation list, the more expensive the Y. We then should transfer X out of it.

Definition 5 (Donor and receiver). The donor/receiver is defined as
D = arg max{A[i][0] | A[#][1] > 0},
R i= argmin{ A[] 0]},
i.e. donor is the allocated exchange with the most expensive Y and receiver is
the exchange with the cheapest Y.
Definition 6 (Global error). The global error of an allocation A is defined as
e(A) == A[D][0] — A[R][0].

Definition 7 (Legitimate transfer). A transfer of amount d from the donor
D to the receiver R is called legitimate if after the transfer,

A[R][0] < A[D][0],
where A is the allocation list after the transfer.

We restrict to legitimate transfer to prevent from the scenario where one ex-
change F; transfer too much to another exchange E; so that E; becomes the
new donor and F; becomes the new receiver. A naive approach like every time
transfer half of the donor’s amount to the receiver may lead to endless back-and-
forth transfer between these two.

We know give an example of runtime of Algorithm [T}

Ezxample 8. Consider two Univ v2 style AMM, F; with 1000 token X and 1000
token Y and E5 with 10000 token X and 9999 token Y. We want to trade in
1000 token X. We calculate the theoretical maximum first.

(1000 + Az)(1000 — Ay) = 10007,
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(10000 + 1000 — Az)(9999 — Ay’) = 99990000,
1000 + Az 10000 + 1000 — Az
1000 — Ay 9999 — Ay’

First two equations are AMM curve equations and the last equation is the op-
timality condition (equal post-trade prices). This solves to Az a2 90.959, Ay ~
83.375, Ay’ ~ 833.208. Then we show the runtime of Algorithm [1] on this with
e =0.01.

1. Allocate 1000 token X to Fy, Az = 1000, Ay = 500. Post-trade price p; = 4.
2. Transfer 500 X to Es. Az = 500, Ay = %, Az’ = 500, Ay = &733

p1 =225, ps = 323,

3. Transfer 250 to . Az = 250, Ay = 200, Az’ = 750, Ay’ = 2297 p, = 23
po ~ 1.16.

4. Transfer 125 to Ep. Az = 125, Ay = 190 Az’ = 875, Ay’ ~ 804.52.
p1 = %, po ~ 1.18.

5. (a) Try transferring 62.5 to Fy. Ax = 62.5, Ay ~ 58.82, Az’ = 937.5,
Ay’ = 857.06. p1 ~ 1.129, py =~ 1.196. The transfer is not legitimate per
Definition [

(b) Transfer 31.25 to Fy. Ax = 93.75, Ay ~ 85.71, Az’ = 906.25, Ay’ =~
830.96. p; ~ 1.19628, py =~ 1.18959.
6. Since plp;lp? ~ 0.006 < ¢, the algorithm terminates.

The algorithm obtained 85.714 + 830.862 = 916.576 token Y, worse than the
theoretical value 83.375 + 833.208 = 916.583 by less than 1 cent. The result is
better than, for example, allocating all token X to Fs, which gives 909 token Y.

4 Convergence of algorithm

Proposition 2. After a legitimate transfer, the global error e(A) decreases.

Proof. Denote by A’ the allocation list after a legitimate transfer.
Case 1: the donor remains the same. We have

1 1
max{A'[1][0]} = A'[D][0] = < = A[D][0],
wLATI0]) = ADJ0] = s < s = D)
where the inequality is by the concavity of Ep.
Case 2: a change of donor occurred and the new donor becomes D’ # D.
Since the transfer was legitimate, we have D’ # R. Hence, D’ corresponds to
the second most expensive Y in A. Hence,

max{A[i][0]} = A'[D][0] = A[D'][0] < A[D][0].

Similarly,

min{ A'[i][0]} > A[R][0].
Hence, e(A’') < e(A).

Proposition [2 implies the convergence of the transfer algorithm.
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5 Complexity

The complexity of Algorithm [I] depends on the forms of trading functions and
the liquidity distribution. So there is no simple characterization of the speed of
convergence. Consider the following example.

Example 4. Consider N exchanges E1, Ea,---, En.

1. E is allocated 1 and subsequently transfers 2 55 i, e 2N%1 to Fy, E3,-- -,
En. After thls E2 becomes the donor.

. Fy transfers 1 S, S 2N T to B3, Ey,---, En.

. Continue until En_1 becomes the donor and it transfers 1 7 to En.

. At the end, F; has 2N r, B has sx=rr L for2<i<N.

To construct trading functions compatible with the above, we list all the con-
straints for N = 4.

— o To choose F; as the donor, we need p; (1) > ps (0),p
p1(3) > P2 (3) .23 (0),pa (0), and py (5) (

e To choose E2 as the receiver, we need psf
E5 as the receiver, we need pg( ) < p2(3),pa(0).

receiver, we need py(0) < po ( ) D3 ( )
e For transfers from F; being legitimate, we need p; (

ps(5), and p1 (5) > pa(3).
— o To choose FE5 as donor, we need po (%) > p1 (%) D3 (i) y P4 (%), and
P2 (3) 21 (5) ps (3) .04 (5)-
e To choose Fs5 as receiver, we need p3 (%) P1 (é) D4 (%) To choose E4
as the receiver, we need py (1) < p1 (3),p3 (3)-
e For transfers from Fs being legitimate, we nee
yz: (l)
— e To olhoose the F3 as donor, we need p3 ( ) > p1 (%) y P2 (%) » D4 (i)
e To choose Ej as receiver, we need py ( ) <pm (1) , D2
e For the transfer from F3 being legitimate, we need ps

=W N

3(0),p4 (0), and
%) y P4 (O)

[ NI
N—
\Y
3

no

—~
N|=
S—
s

=

—~
=
S—
A%

The above constraints can be satisfied by

pl(l) =pP1 (l) =D1 (i) = 17 P1 (%) = 05, pl(O) =0.1.
—p2(3) =p2 (5) =0.9. 52 (3) = 04, p2(0) =
— p3 (? =0.8, p3 (1) = 0.3, p3(0) = 0.1.

pa(3) =pa(3) =pa(§) = 0.3, pa(0) =0.1.
If the numeric in Example[d]can be generalized from 4 to generic N, then we have
found a scenario where the runtime is O(NN?). And this is not guaranteed to be
the worst case. Note that in step 1, the minimum percentage of transfer is m =
75— S0 N = O (log ). And the complexity can be written as O (N log ).
It seems difficult to come up with an O (N?log 1) complexity example. If Ey
transfer m to each FE;, then E; cannot transfer any token out as it reaches the
precision limit.

In real blockchain environment, it’s a common practice to cap all loops. So

after certain rounds, Algorithm [I] is forced to terminate. The result may not
reach the specified price tolerance.
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6 Experiment

We compare the performance of the transfer algorithm implemented by [5] with
DP. The experiment was performed on the Base blockchain at block 26325854.
The liquidity sources used were 12 WETH/USDC pools across 7 AMMs.

1. Two pools in Pancake V3
(a) 0x72AB388E2E2F6FaceF59E3C3FA2C4E29011¢2D38
(b) 0xB775272E537cc670C65DC852908aD47015244EaF
2. Four pools in Uniswap V3
(a) 0xb4CB800910B228ED3d0834cF79D697127BBB00e5
(b) 0xd0b53D9277642d899DF5C87A3966A349A798F224
(¢) 0x6c561B446416E1A00ESE93E221854d6eA4171372
(d) 0x0b1C2DCbBfA744ebD3fC17fF1A96A1E1Eb4B2d69
3. One pool in Uniswap V2
— 0x88A43bbDFID098cECTbCEdade2494615dfD9bBIC
4. One pool in Aerodrome SlipStream
— 0xb2cc224c1c9feE385f8ad6a55b4d94E92359D CH9
5. One pool in Aerodrome
— 0xcDAC0d6c6C59727a65F871236188350531885C43
6. Two pools in Sushiswap v3
(a) 0x482Fe995¢4a52bc79271aB29A53591363Ee30a89
(b) 0x57713F7716e0b0F65ec116912F834E49805480d2

7. One pool in Alien Base
— 0xB27f110571c96B8271d91ad42D33A391A75E6030

The statistics of these pools are as follows.

Pooll WETH [USDC (k)] Bid | Ask [Fee (%)
1(a)| 517.18 | 432.85 |[2682.08[2682.62] 0.01

1(b)| 67.62 129.50 |2681.11{2683.79| 0.05
2(a)| 86.42 54.11 |2682.45(2682.99| 0.01
2(b)| 67.62 | 7480.20 |2680.90/2683.58| 0.05
2(c) | 6329.37 | 1872.12 |2671.36|2687.44| 0.3
2(d)| 948.72 41.00 |2659.48|2713.20 1

3 |2085.02 | 5578.46 |2667.46|2683.51] 0.3
4 |10571.21| 11005.10 |2681.48|2683.62| 0.04
5 | 4289.67| 11492.50 |2671.07|2687.14| 0.3
a)| 259.18 | 561.27 |2682.12(2682.66| 0.01
b)| 797.65 | 1469.24 |2680.91|2683.59 0.05
7 | 81.55 216.98 [2680.39|2684.41| 0.075

For DP, the input was divided into 10 parts and each part was queried against
each pool, in total 120 queries. The query result became the input of the 0-1
knapsack problem and was solved by DP. This is the algorithm used in [I].

The result is in Figures 2] Our transfer algorithm outperforms DP in gas
consumption up to 16 times (Figure . Also, the maximal supported query
amount is 20 times larger (31,000,000 vs 1,500,000 USDC).

Figure[2a]shows that the gas cost of DP increases with query amount, despite
DP makes a fixed amount of queries. This is because in concentrated liquidity
AMNMs, a large query may cross numerous ticks, which leads to higher gas cost.
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(a) Gas consumptions by DP and Al- (b) Gas consumption by DP / gas con-
gorithm sumption by Algorithm

Fig. 2. Caption for this figure with two images

7 Discussion

In this article, we proposed a transfer algorithm for one-hop routing and proved
its convergence. We showed empirically that it outperforms the DP-based solu-
tion. Further research includes detailed analysis of complexity and the general-
ization of the current one-hop version transfer algorithm to multi-hops case. The
key to handling multi-hops case is to ensure a local property: After a transfer
from one path to another, at most these two paths can change price. Otherwise
we will be forced to query the prices of all paths to ensure correctness.
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